It is suggested to diagonalize the Hamilton operator of a two-or more center shell model in terms of oscillator functions concentrated around the individual centers. The method is applied to the case of a two center oscillator with finite depth.
I. Introduction II. The Method
In the theory of nuclear fission and heavy ion scattering the shell effects to the potential energy surface are calculated with the aid of two center shell models [1] [2] [3] . Only for a restricted class of single particle potentials with two and more centers analytical eigensolutions can be obtained, e. g. for the symmetric two-center oscillator with infinite depth x < 4 .
Already when one includes the / 2 -and IS-terms in the symmetric two-center oscillator, the single particle Hamilton operator has to be numerically diagonalized in order lo obtain the eigensolutions. Depending on the basis functions used in the diagonalization procedure we distinguish between three different methods. As basis functions the following three sets can be used: a) the solutions of a deformed harmonic oscillator potential around the common center of mass 5 , b) the solutions of the asymmetric two center oscillator 2 , and c) the solutions of harmonic oscillator potentials around the individual centers 4 -6 . Whereas the sets of functions in a) and b) form an orthogonal set this is not the case with the oscillator functions around different centers in c). Therefore, in applying the third method the basis set has first to be orthogonalized. This disadvantage is compensated by the advantage that the matrix elements of the various single particle Hamilton operators can be analytically calculated'. Also the basis wave functions have the right asymptotic behaviour for large center distances which is convenient for scattering problems.
The purpose of this paper is to describe the third method in Sect. II by which not only two but also more center problems can be treated numerically quite easily. The method will be applied to the two center oscillator with infinite and finite depth in Section III.
General Case
Let us state the problem: In general a single particle Hamilton operator H is given in which the potential has minima around the centers at R,:
Avhere S denotes the spin vector of the nucleon. Examples for V are the two-center oscillator potentials shown in Fig. 1 or the three-center oscillators investigated by Bergmann and Scheefer 4 . For large separations of the centers, i.e. R, -Rj ->oc, the potential approaches the sum of single-particle potentials around the individual centers. To find the bound states of
we suggest a diagonalization of the Hamiltonian with a very simple set of basic functions, namely with oscillator wave functions. 
where X = (nx, ny, nz) and i=l,...,N.
The solutions of the one-dimensional harmonic oscillator are given by 8 :
Since the potential is also symmetric with respect to z = 0, the eigenfunctions have good parity. Therefore, we construct normalized functions with parity P = i 1 by superposing two corresponding oscillator wave functions (3) 9 .
The normalization constant can be obtained from the overlap integrals (x0 = zjaz) :
The oscillator lengths aix=Yk/M ojix, aiy and a are arbitrary and can be optimally adapted to the potential V in the vicinity of the centers. The basis set in Eq. (3) 
The eigenenergies of Eq. (2) are the solutions of the eigenvalue equation: where Imn is given by 9 (see Appendix A) : (6) we propose a two-step procedure. First the basis functions (3) are orthonor-|/m! n! 2" i + w e -3 " 0 * 2 malized:
In the special case m = n it results:
Then we apply an usual diagonalization procedure to solve the transformed eigenvalue equation:
Symmetrical Two-Center Potentials with Rotational Symmetry
To illustrate the method we consider the special case, where the two-center potential is rotationally symmetric around the z-axis and additionally sym-P( -1)"=1, fn,p = ( Pii{z/az)l\ / az, metric with respect to the origin at 2 = 0. The potential centers are at 2 = + z0 . Examples of such potentials 1 will be discussed in the next sections.
Asymptotically the functions (10) approach the solutions of the one dimensional two-center oscillator. For 2q->-0 all functions with a factor P • ( -) n = -1 would vanish if no normalization constant is multiplied. Including the normalization these functions approach a linear combination of two neighbouring oscillator functions of the class P •( -)" = 1.
For 2q -•>• 0: 
m =0, ±1, ±2,...
Since the wave functions (9) are already orthogonal, we have only to orthonormalize the 2-dependent functions (10) . For that we use the Schmidt procedure in which the orthonormalized functions Fj; are constructed as follows 10 :
yi\k j=o -oc with the coefficients:
All the formulas are separately valid for P -± 1. The integrals can be written as sums over the overlap integral given in Equation (11) .
Because of the overcompleteness of the set of functions fn for z0-> 0, care must be taken in the range of small values of z0. Two ways are possible: a) Instead of using the functions (10) Finally we end with an orthonormal basis set which is suitable to diagonalize symmetric twocenter Hamiltonians:
III. Application to Symmetric Two-Center Hamilton Operators
In the following we apply the formalism of the preceding section to symmetric two-center Hamilton operators with oscillator potentials of infinite and finite depth.
Two-Center Oscillator Potential with
Infinite Depth 1 The Hamiltonian operator has the following form in the simplest version, where one disregards I Sand Z 2 -terms 1 
with (x = z/az) :
Here we denote the normalization constant by Nnt, the step function by 0, the parity by P = ±1, and Kummer's confluent hypergeometric function by U. The eigenvalues can be written:
E = h wQ (2 n0 + \m\ + l) + h oiz(nz + %) . (19)
The noninteger values nz are functions of and solve the equations:
After this review of the analytical solution, we solve the eigenvalue problem with the diagonalization procedure. The Hamilton operator separates into (Q,<p)-and z-dependent parts. Since the [Q,<p) -dependence is already solved by the functions Gne>m, we need only to diagonalize the z-dependent part of (17). For that we calculate the energy matrix hki with the orthonormalized functions Fk of Equation (15).
hM-5Fk{z)h(z) Fi(z) dz
(21)
In terms of the oscillator functions cpn we obtain: 
Hm-A-Z0 )Hn-t(Xo)
The functions Imn are defined in Equation (12) . The Hermite polynomials satisfy the recurrence formula 8 Figure 2 shows an example for the diagonalization of the energy matrix (21). We have used the six lowest oscillator functions cpn from which an even or odd set of basis functions (10) can be constructed. For small values of < 1 the orthogonalization procedure fails in the higher states because of the overcompleteness of the basis. In Fig. 2 c the numerical errors in the highest niveaus are drawn which are surprisingly small for such a small number of basis functions. The lower levels have much smaller errors. We conclude that already small basis sets are sufficient to reproduce the correct eigenvalues. I.e., the basis functions constructed as described, approximate the exact solutions very well.
Two-Center
Oscillator Potential with
Finite Depth
The oscillator potential of the previous section rises in the outside region, which is unrealistic for nuclear problems. A more realistic shell model potential which allows also for continuum states is the cut-off two-center potential 11 shown in Figure 1 c. The Hamilton operator is given by (without I 2 -and I S-terms) :
The potential depth V0 does not strongly depend on the nuclear number A and can be assumed as a constant in first approximation. If we restrict our discussion to symmetric fission with spherical fragments, the frequencies are equal: co0 = wz = co. Then the potential surface V -V0 = 0 is formed by two spheres with radii R = y2 VjMw 2 around the centers at z = ± z0 . To fix the frequency co as function of z0, we suppose that the volume enclosed by the potential surface V -V0 = 0 is conserved during the fission process because nuclear matter is nearly incompressible. It results
where R solves the equation for z0 ^ R:
Only in the limitting cases z0 = 0 and z0-the eigenfunctions can be found analytically as shown in Appendix B where the harmonic oscillator with finite potential depth is solved. In the following we apply the diagonalization method of Sect 2.2 to obtain the bound states of the Hamilton operator (24), using the wave functions given in Eq. (16), we get:
The Hamiltonian is divided into the Hamiltonian of the usual two center oscillator described in the previous section and into the rest potential acting in the region where V>V0. With the result of Eq. (22) we obtain:
where oc oc r = I 2 n%VMniVM"iV Only for the highest levels (4, 1, 0) and (0, 2, 0), differences can be recognized between the eigenenergies of the potential with finite and infinite depths, b) The energy differences are enlarged for these two levels. Eeo denotes the energy in the infinite deep potential and Ef the energy in the potential with finite depth.
As an example we have calculated the levels of the finite two-center oscillator for the symmetric fission of a nucleus with A = 210. The used values of R, h co and V0 are drawn in Fig. 3 as functions of the twocenter distance z0 . Examples for the levels of the cut-off two-center oscillator are given in Fig. 4 a, in which the different curves are denoted by the quantum numbers nz, nQ, m for z0 = 0. Only the energies of the highest bound levels differ notably from the levels of the infinite high two-center oscillator. This is shown in Fig. 4 b, where the energies of the highest levels are related to the corresponding levels of the infinite high two-center oscillator.
IV. Summary
In this paper we have calculated the bound states of the two-center oscillator with finite depth by a diagonalization procedure which uses one-center oscillator functions as basis states. The basis states are concentrated around the individual centers. The application of those basis states is adventageous because the matrix elements of the Hamiltonian can be found analytically. The method is not restricted to the problem of calculating bound states in two-center potentials, but may straigthforwardly extended to problems as the triple fission 14 and to cluster calculations 15 where three-and more-center potentials have to be introduced.
